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Abstract 

In the present paper we introduce a hierarquical class of self-dual 
models in three dimensions, inspired in the original self-dual theory 
of Towsend-Pilch-Nieuwenhuizen. The basic strategy is to explore the 
powerful property of the duality transformations in order to generate 
a new field. The generalized propagator can be written in terms of the 
primitive one (first order), and also the respective order and disorder 
correlation functions. Some conclusions about the "charge screening" 
and magnetic flux were established. 

From the mathematical point of view, topological theories in three dimen- 
sions contains a rich variety of models which been received much attention 
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in the last years. One of them is the self-dual model which presents a 
close connection with the well established Chern-Simons theory 0. This 
fact could be confirmed by different ways, for instance, by comparing the 
Green functions of the Maxwell Chern Simons (MCS) theory and Self-dual 
(SD) model by inspecting the constraint structure of each model [Q or 

through the bosonization of the massive Thirring model in three dimensions, 
which is related to the MCS theory in the large mass limit 0]. In this last 
case, the equivalence between both models has been obtained starting from 
a careful analysis of the partition function and was improved later, through 
the calculation of higher order derivative terms . 

In the present work, we shall introduce a hierarchcal family of dual models 
in three dimensions, related to the original SD model. The mathematical 
structure of the SD theory offers an alternative way of building up families 
of dual models. At the final step, it is generated a master Lagrangian density 
corresponding to a higher order derivative model. A very interesting aspect 
of this model is the existence of an isomorphism between its observables 
and those obtained in its first order form. This fact can be proved through 
different procedures. Firstly, in the canonical analysis of the fields and their 
momenta, by using the treatment of order reduction 0. In what follows, 
we will use a method developed in a series of papers (see also for 
related works), in order to describe the magnetic flux and charge on the 
plane (x^, x^) through two dual operators (/x, a), called disorder and order 
operators respectively. 

In order to implement our alternative model, let us begin exploring the 
mathematical structure of the self-dual fields. In this sense, let us consider 
the duality transformation of the primary field Alf\ 

4"^ = (1) 

where the index A^ is an integer which identifies the family of the respective 
self-dual field. The relation (1) gives rise to the possibility of generating a 
class of Lagrangian densities indexed by A^. 

Let us start our study by considering the following Lagrangian density, 

Li = ~{F^.Y+bd,F'^'d'F,x + ee^^'^Pd^A^d^dP Ap, (2) 

which has been examined recently [^, with a, h and 9 defined in it. Now, we 
are going to show that the Lagrangian density appearing in (2) is a higher 
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order extension from the Proca-Chern-Simons one: 

Lf^ = —A^^^A^^'^ + \ (fW)^ + Qe^^^ Af Af . (3) 

By using the transformation (1), with = 0, it is lengthy but straightforward 
to show that we arrive at the Lagrangian density (2). The propagators can 
be related among them, since < A^^^ A^^^ > = — e^^/j e^^^^ 

From the above considerations becomes clear that the results obtained 
here can be generalized from the A^-order to the (A^ + 1) one. Therefore, 
from the basic Lagrangian density given by Eq.(^), we can build up the 
following generic higher-order Lagrangian density: 

(4) 

The above Lagrangian density belongs to a class such that the first one 
is related to the bosonization of the massive Thirring model . In order to 
simplify the calculation of the canonical momenta, we are going to define the 
quantities 

^ V^^A^, f, ^ V^^A,, (5) 

where = / i^tj {k'^) "e*^^. Now, if we take the rescaling — >• 

(□ — and take f2 — s> at the end of the calculations, the expansion in 

powers of the d 'Alambertian can be employed by acting on the fields. Conse- 
quently, we can derive the canonical momenta associated to independent vari- 
ables (Z^, f,) in a natural way(5S(") = J d^x En=o i {^'^'^^r + S^^^dt), 
where now the action S**^"^ = / dt L^""^ is the reduced form from those in 
equation (^. Therefore, the momenta become 

which relates physical quantities from A^-theory with first-order one. From 
the above equations we conclude that the basic commutators of the present 
theory in the Coulomb gauge are 
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(7) 



[X), si^\y) 



(8) 



and also 



= -1 9 {-if-^ (b + aV') e,,did'6' {x - y) , (9) 
where G{x,y) obeys the equation 

{b + aV^) V'^G{x, y) = 6\x - y). (10) 



Here we remark that the apphcation of the expansion of a/d^-i on the above 
brackets, extract the temporal part of the d 'Alambertian operator. 

The Lagrangian density @) permit us to infer the corresponding form of 
the photon propagator in momentum space 



-1 



h 



(11) 

where the last term corresponds to a gauge fixing. By using Fourier transform 
we can obtain the equivalent propagator in the coordinate space. Here, we 
adopt Pf^u = k'^g^y — k^ky and f = b — ak"^. Hence, if we fix some parameters 
in the original Lagrangian density given by Eq.(^) like, a = Aa"^, b = 1 and 
iV = 1, we obtain the photon correlation function 



< A^{x) Ay{y) > 



dual 



( 



i ef,ya <9" 



1 



R 



— — f dndy [2a — 
47r^ ^ V 4 



\L«V ) 
R 



1 X 



(12) 



with 9 = i9, 4:Q^ < 9'^ and "dual" stands for the generalized model defined 
through the propagator of the Lagrangian density. The above equation rep- 
resents the photon correlation function of the problem mentioned in reference 
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At this point, we are able to extract a very interesting and useful result 
about the order-disorder correlation functions, starting from equation ([T^) . 
We remember to the reader that the order- disorder formalism has been in- 
troduced firstly by Kadanoff and Ceva fl^ in order to discuss the existence 
of a generalized statistics. Posteriorly this was extended to the continuum 
quantum field theory |Tl|. This procedure has been applied to some mod- 
els in (2-1-1) dimensions by using a new interpretation of the operators that 
generate the statistics. Now, over the plane {x^, x^), the Maxwell theory has 
a nontrivial value for the topological charge associated with the identically 
conserved current = e^^^dyAp. The magnetic flux content correspondent 
to is described by a non-local operator (vortex operator) /i(x) defined on 
a certain curve C. The correlation function < /i(l)/i(2) > of the disorder 
operator is given as Euclidean functional integrals. In the same way, we can 
define the charge bearing operator a{x) as being a dual version of /i. 

In order to give a better understanding of the role of order-disorder cor- 
relation functions, we will take as example the case of the Maxwell- Chern- 
Simons theory, since its photon propagator in the coordinate space will be 
useful in the follow. 

The order correlation function for the MCS theory is defined in terms of 
the following Euclidean functional integral 



< a (x) a*{y) > = Z ^ J DA^ exp |- J d^z 



-A^ {P^" + 9 0^" + G^") A^ + A^" 

(13) 

where P^"' = - □ 6^"' + (9^(9^, C^"' = -ie^"^''da and is the usual gauge 
fixing term. Here we adopt an external field C^. 
Integrating over we readily obtain 

^ (14) 
with [Pf"' + 9C^''' + G''^r^ =< A^{x)A^{y) >mcs being the Euclidean 
propagator of the A^ field in MCS theory. Its explicit expression in the 
coordinate space is given by 



< A^{x) A,{y) >Mcs= [P^" + 1 



1-e- 



)R 



Ati9'^R 



lim i d"" 

m^O 



1 _ 

m Stt 
(15) 
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Before going on, we should remark that < a (x) a * (y) > is not a gauge 
invariant quantity. The reason is that under a formal gauge transformation 
Afj_ + A, the charge operator changes to cr' = exp (27ri A (x)) a. In 

this way, going back to equation (|14D, we must extract the gauge independent 
part of < a (x) a * (y) >. This will be achieved by inserting the gauge 
independent part of < A^{x) Al{y) >mcs, namely 6'^'^ and e^°"^ proportional 
terms. At the end of the calculations, it can be shown that only the diagonal 
part of < A^{x) Al{y) >mcs proportional to (J^'^D, contribute to the order 
correlation function. Therefore we obtain the following expression 

<a{x)a* (y) >mcs= exp {< A^{x) A^y) >f:^} exp = (16) 



IT a 



exp 



9 



-9R 



■< (7r (x) *{y) >= exp 



TT a 



9 



(17) 

where it was adopted the renormalization = a e~ and a is a charge 
parameter. As a consequence, lim^j^oo < c"/? (x) <jR*{y) >= 1, which reflects 
the screening of the charge associated with the mass generation for the gauge 
field induced by the CS term. 

Now, going back to our model, we begin considering the limit which 
exclude the Podolsky term, 9"^ ^ a^, in equation (|T^) 



P, 



1 

¥ 



1 



9^J AtcR' 



:i8) 



in order to compare it with results of the MCS case. By examining the 
diagonal part of the above propagator we have 



< A^{x) A^{y) > 



dual 



■'fj.i/ 



□ S,„. - 1 



9^ 



-BR 



+ extra terms = — 



9^ 



9^J AttR 
< Af, (x) Ay{y) >Mcs 



-OR 



AtcR 



+ 



(19) 



where "extra terms" are proportional to the 5-functions. From equations 
(|T3|) and ([T^) we expect that 
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< aR (x) aR*{y) > 



dual 



exp 



1 



1 



< (^R {x) (yR*{y) >Mcs, (20) 
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for R — y oo 

< cjR (x) aR * (y) >'^"'^' const. (21) 

Therefore the order correlation function, which is associated with charge 
screening, in our model has a similar behavior to that of the MCS theory. 
The result given by equation ( p^Hf ) express the charge screening, which in this 
case is 

Qdual ^ J^2^ jo ^ g J d'^zVle.jd'.A'iz.i). (22) 

which differs from the usual MCS charge by a second order derivative op- 
erator. Here = d^J^y defined in equation (p3D below. Note that the 
presence of the differential operators in Q''"'^' do not alter the long range dis- 
tance behavior of the order correlation function when compared with MCS 
theory. 

Now, in order to build the disorder correlation function < /i (1) /i (2) > in 
our model, we begin defining the vortex operator which is associated to the 
magnetic flux on the plane (x^, x^). This is obtained by coupling a certain 
external field to the dual current through 

which comes from the equation of motion. The generalized disorder operator 
can be written as 

lif'^'^x) =expl^-zb J (fz jr W^^.} , (24) 

where W^" is an external tensor field, W^i, = — W^, which would be 

coupled to the conserved current Jq^ in order to obtain the correct correlation 
function 



< ^^e {x) /i *e {y) = / DA^ {" / 



-A^'Dff A" + , 



(25) 



with GCS standing for Generalized Chern-Simons, and -D^""' is given by 



j^dual ^ _ 4^2q^) _ ^Q^Q^ _ 0,^^^Q» 



□ 
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D^,^^ = P^, - ^e„,9"n (l -4a'n) ' (26) 



where Pf^u = — □ S^u + d^dy. Now, if we consider the action of the operators 
P^y and et^aud'^U over W^y, gives rise 



(27) 



(1 - 4a2n) 

Therefore, after integration over the field in equation (^) we get 
< /ie (x) n *e (y) >t=i = exp l^y" d^zd^z {Z^{z,x,y) + Uf,{z,x,y)) x 



X < A^ix) A (y) >'^"'^' (Z,(i, X, y) + U^iz, x, y)) - ^ (W^^,)'| , (28) 

where < A^{x) A *y {y) >'^"'*' is given by equation(^). Now, if we now turn 
our attention to the fact that in the hmit 6 ^ 4a^, the photon correlation 
function is given by equation ( |T8|) and the field t/y will not depend on the 
factor 4q;^, we will have 

< ^ig (x) (y) >^"fi = exp 1^ - I dh dH [Z, + U,) 

< A, A*, >^^^ (Z. + ^0 - i (^^-)'} ' (29) 

with = e L W 9" D6^{z-X). 

Now, we note that up to □ term into Ui, field, the integrand of the above 
equation corresponds to the correlation function of MCS theory. However, 
since < A^{x) A *y (y) >mcs depends on 1/ \z — z\ the contractions which 
involve the field Uy give rise to delta functions 5^{z—\) and 5^{z—vi) such that 
the line integral over d\^ and (ir^^j vanishes. This means that the integrand 
of the equation (30) corresponds to that of the MCS theory or, 

< lie (x) 11 *g (y) >'^"'^' = exp ('-^) < fig (x) *e (y) >^''' ■ (30) 
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Therefore, since the behavior of the vortex correlation function operator in 
the MCS theory for very large distances \x — y\ — > oo is a constant, indicat- 
ing that H0 does not create genuine vortex excitations, we expect the same 
behavior for the dual theory. 

For a future program, we intend to investigate the possible connection 
with the interesting formalism developed by Barci et al, where it was made 



a mapping among some models in three dimensions |]T2[- This was done by 
using a nonlinear redefinition of the gauge field, in contrast to the linear 
self-dual transformation used in this work. 
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